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ABSTRACT

Observations and numerical simulations of tropical cyclones show that evaporation from the sea surface is
essential to the development of reasonably intense storms. On the other hand, the CISK hypothesis, in the form
originally advanced by Charney and Eliassen, holds that initial development results from the organized release
of preexisting conditional instability. In this series of papers, we explore the relative importance of ambient
conditional instability and air-sea latent and sensible heat transfer in both the development and maintenance
of tropical cyclones using highly idealized models. In particular, we advance the hypothesis that the intensification
and maintenance of tropical cyclones depend exclusively on self-induced heat transfer from the ocean. In this
sense, these storms may be regarded as resulting from a finite amplitude air-sea interaction instability rather
than from a linear instability involving ambient potential buoyancy. In the present paper, we attempt to show
that reasonably intense cyclones may be maintained in a steady state without conditional instability of ambient
air. In Part I we will demonstrate that weak but finite-amplitude axisymmetric disturbances may intensify in

a conditionally neutral environment.

1. Introduction

Among the most spectacular and enigmatic features
of the tropical atmosphere are the violently rotating
circulations that occasionally form over the warmest
parts of tropical oceans. These storms contrast greatly
‘with the characteristic quiescence of the tropical at-
mosphere and have naturally been the subject of in-
tense scientific interest for many centuries. A thorough
review of the history and present status of research on
tropical cyclones has been presented by Anthes (1982),
while Ooyama (1982) has recently published an over-
view of the conceptual understanding of the develop-
‘ment of these storms.

Beginning with the work of Ooyama (1969) there
have been many relatively successful numerical sim-
ulations of tropical cyclones. These have advanced to
the point where the effects of processes such as ice
physics (Lord et al., 1984) and large-scale environ-
mental asymmetries (Tuleya and Kurihara, 1981;
DeMaria and Schubert, 1984) can be usefully exam-
ined. Despite the increasing sophistication of these
models, the basic evolution and structure of the storms
seem well captured by simple axisymmetric models
such as Ooyama’s. It should thus be possible to extract
a basic conceptual understanding from these models
together with observations.

Most numerical simulations begin with an atmo-
sphere that is unstable with respect to undilute vertical
displacements of low level air. In QOoyama’s (1969)
simulation, for example, air from the lowest of three
model layers, if lifted to the uppermost layer, would
be 10°C warmer than its environment in the initial
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condition of the model. In models with greater vertical
resolution and more complicated treatments of moist
convection it is common to use a mean tropical sound-
ing, such as that of Jordan (1958), in the initial state,
While such soundings are always unstable to undilute
ascent of boundary layer air, it is not always clear
whether entraining cumuli, either represented or ex-
plicitly simulated, will penetrate to significant altitudes.

All numerical simulations of tropical cyclones reveal
the essential importance of latent (and perhaps sensible)
heat flux from the sea surface, as proposed originally
by Riehl (1954). In Ooyama’s (1969) simulation, for
example, only a weak vortex occurred when sea surface
evaporation was turned off. The fact that any intensi-
fication occurs at all in the absence of sea—air heat flux
is an indication that some convective available poten-
tial energy (CAPE) is present in the initial sounding.
This increase in amplitude is generally ascribed to the
mechanism proposed by Charney and Eliassen (1964)
and by Ooyama (1964), whereby the moisture conver-
gence in the boundary layer of a quasi-balanced vortex
supports cumulus convection; it is important to note
that this is a /inear instability. Such an instability is
particularly evident in simulations such as that of
Anthes (1972), which develop a vortex from a resting
initial condition with random perturbations added.’
Some nonlinear models, such as that of Carrier et al.
(1971), are completely dependent on ambient CAPE.

Yet there are many grounds on which one may
question the existence of such a linear instability in
nature. While some CAPE certainly exists for undilute
parcel ascent in the tropics, the ability of natural or
simulated convection to realize this potential energy is
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sensitive to details of turbulent mixing, microphysical
interactions and other processes whose representation
in numerical models is approximate. Indeed, the ex-
istence of a linear instability of the type envisioned by
Charney and Eliassen (1964) would imply that weak
tropical cyclones should be ubiquitous and not con-
fined to maritime environments. In hature an asym-

- metric disturbance, such as an easterly wave, is almost
always observed to precede the occurrence of tropical
cyclones (e.g., see Anthes, 1982).

Our present purpose is to develop a somewhat dif-
ferent conceptual view of tropical cyclones. It is our
hypothesis that tropical cyclones are developed and
maintained against dissipation entirely by self-induced
anomalous fluxes of moist enthalpy from the sea sur-
face with virtually no contribution from preexisting
CAPE. In this sense, the storms are taken to result from
an air-sea interaction instability, which requires 3 finite
amplitude initial disturbance. (In Part II we shall dem-
onstrate the absence of a linear air-sea interaction in-
stability in a conditionally neutral environment.) The
instability relies on a simple feedback between radial
temperature gradients that drive the circulation and
radial gradients of sea—air heat transfer associated with
gradients of surface wind speed. Cumulus convection
is taken to redistribute heat acquired from the sea sur-
face in such a way as to keep the environment locally
neutral to slantwise moist convection in a manner
consistent with the quasi-equilibrium hypothesis of
Arakawa and Schubert (1974). In the idealized case of
undilute parcel ascent, the ambient environment is
taken to be conditionally neutral so that any kinetic
energy generation is due to the in situ generation of
CAPE rather than to ambient CAPE.

We emphasize that while this view departs in some
ways from other conceptual views of tropical cyclones,
the physics implied in this view are contained in vir-
tually all contemporary numencal models which allow
for convection and air-sea heat transfer.

In order to develop this hypothesis, we present an
analytic but highly idealized nonlinear axisymmetric
tropical cyclone model whose main distinguishing fea-
ture is the complete absence of any conditional insta-
bility to upright or slantwise moist convection. In Part
I we show that such a model is capable of simulating
intense steady-state storms. In Part II we shall use an
extension of this model as well as a full primitive-equa-
tion numerical model to demonstrate that a weak but
finite amplitude vortex may grow in a condltlonally
neutral envrronment

2. A steady-state analytical model based on air-sea
interaction’

We formulate here a highly idealized axisymmetric,
steady-state model of a mature tropical cyclone. The

' This model was developed contemporanecously with a similar
model of D. K. Lilly (unpublished manuscript).
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model is based on the assumptions that flow above a
well-mixed surface boundary layer is inviscid and ther-
modynamically reversible, that hydrostatic and gra-
dient wind balance apply, and more particularly that
the thermal and kinematic structure of the tropical cy-
clone is such that the combined buoyant/centrlfugal po-
tential of boundary layer air is zero; i.e., that the vortex
is neutral to slantwise moist convection. There is con-
siderable evidence (e.g., Emanuel, 1983, 1985) to sug-
gest that baroclinic cyclones are often characterized by
neutrality to slantwise convection, and we see no reason
not to include the centrifugal as well as the buoyant
component of convection in defining the state of neu-
trality. This implies that boundary layer air is neutrally
buoyant when lified along surfaces of constant angular
momentum (Emanuel, 1983). This state is hardly dis-
tinguishable from a state of neutrality to upright con-
vection in those parts of the cyclone where angular
momentum surfaces are nearly vertical, but will be
quite different in the uppermost portions where the
angular momentum surfaces flair radially outward (e.g.,
see Schubert and Hack, 1983).

This assumption of slantwise neutrality is an ideal-
ization of the actual tropical cyclone, which precludes
any role of ambient CAPE in the energetics of the vor-
tex. This is consistent with Riehl’s (1954) estimate that
ambient CAPE contributes no more than about 15mb
to the hydrostatic pressure drop in cyclones. The as-

sumption fails decidedly in the eyes of mature storms,
which are observed to be very stable with respect to
boundary layer air (e.g., see Jordan, 1957). It also breaks
down in the region of descent in the outer portions of
the storm, although the consequences of this are prob-
ably less serious since temperature perturbations are
generally very small there (e.g., Frank, 1977). The as-
sumptions of basic axisymmetry and gradient balance
also break down in the outflow aloft.

The slantwise neutral assumption and reversible
thermodynamics imply that above the boundary layer,
the saturated equivalent potential temperature (8% ) is
uniform along surfaces of constant angular momentum
and equal to the value of 8, where the angular mo-
mentum surface intersects the boundary layer, within
which 6, is assumed to be well mixed in the vertical.
The structure of the model is illustrated in Fig. 1. Here
angular momentum per unit mass is defined

M=rV+ % & (1)
where r is the radius from the cyclone center, V is the
azimuthal velocity, and fis the Coriolis parameter (as-
sumed constant).

It is important to note that above the boundary layer
we are placing a restriction only on the distribution of
saturated 6% and not on 4, itself; we are merely asserting
that in the mature cyclone a saturated parcel originating
in the boundary layer will experience neutral buoyancy
when displaced along an angular momentum surface.
While in a real tropical cyclone some positive buoyancy
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FiG. 1. Structure of the steady-state model. Curved lines above the
planetary boundary layer (PBL) represent surfaces of constant angular
momentum (M) and saturated equivalent potential temperature
(8%). Solid lines in PBL show surfaces of constant 8, while M is shown
by dashed lines.

must be present to counter the effects of turbulent mix-
ing, we regard this effect as small compared to the main
source of energy for the cyclone.

a. Structure above the boundary layer

We now demonstrate that the assumptions of hy-
drostatic and gradient balance and slantwise neutrality
above the boundary layer permit the development of
certain exact analytic relationships between the wind
and saturated entropy fields. In some ways, these re-
semble certain relationships developed by Thorpe
(1985) for a dry, zero potential vorticity vortex; the
present model may be characterized as having zero sat-
urated moist potential vorticity.

In defining the neutrally buoyant state, we will ne-
glect effects of latent heat of fusion and condensate
loading. Under these assumptions, the hydrostatic and
gradient wind relations may be written

0

atl=-g @
9, V2 M2 1

«F=A =2 )

where g is the acceleration of gravity, p is the pressure
‘and « is the specific volume. By virtue of (2), (3) may
be written

o0z M? 2
g(ar)p— r Zf "

while (2) may be alternatively expressed by

(95) -
g ap’ o.

S
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Eliminating z between (4) and (5) results in a version
of the thermal wind relation in radial coordinates:

(6M2) _(aa)

dp or/),
If we assume reversible thermodynamics, ¢« may be
expressed as a function of pressure (p) and moist en-

tropy (s5*) alone, by virtue of the equation of state and
the first law of thermodynamics. Therefore,

(),-G9&);

It may be easily demonstrated from the first law of
thermodynamics (see Appendix I) that (8ce/05*), = (9T/
dp)s. Using this in (7), we can rewrite (6) as

) -(3.9)

r*\ap/, dp )\ or
At this point we recall that the assumption that bound-
ary layer parcels are neutrally buoyant along M surfaces
is equivalent to the assumption that the (moist) entropy
of lifted parcels equals the saturated entropy of the
environment. This implies that the saturated moist en-
tropy does not vary along M surfaces (neglecting the

effects of condensate loading and latent heat of fusion).
Since s* is then a function of M alone, (8) may be

written
05, -5, @ (3)
dp p/adM\ar],
Dividing (9) through by dA4/9r yields an expression for
the slope of M (or s*) surfaces:

()55,
o)y 2M dM\dp
If (10) is mtegrated upward along M (or s*) surfaces,
the result is

(6)

)

®

®

(10

”2|M =
*
ds [T

, (11)
Tou(s*)]

where T, is an integration constant that may be a
function of s* (or M). Inspection of (11) shows that
Tou: may be interpreted as the “outflow temperature,”
the temperature the air has along M surfaces as they
flare out to very large radii. The relation (11) yields the
shape (in r~T space) of angular momentum and en-
tropy surfaces, and is a cornerstone of the present
model. Along the top of the boundary layer, ( 11) may
be writien

, ds*

—r? ——(TB M at z=h (12)

Tow) =
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where T} is the absolute temperature at the top'of the

boundary layer (z= h) Multiplying the above by dM/
or results in

1 aM 2
2 ar

A relationship between pressure and moist entropy
may now be derived from (13) using the gradient wind
relationship (3). First recall that at the top of the
boundary layer, saturated moist entropy is assumed to
equal the actual moist entropy of the boundary layer:

s*=Cy,Inf, at z=h. (14)

Also, for convenience of notation, we use the Exner
function in place of pressure:

™ = (p/p). (15)

Using (15), the gradient wind relationship (3) may be
.written

at z=h.

d.
(T~ To) - (13)
r .

dinnw

M? = r3l:C,,TB + f2 ] (16)
We now substitute (16) and (14) into (13) to derive a
relationship between 6, and = at the top of the boundary
layer. In doing so, we take T to be constant as is gen-
erally observed (e.g., see Frank, 1977). The resulting

expression may be written

Ty~ TowdIn, _dJlnm o1 1 4 (raln-rr)
Ty or aor 29r ar
1 f2r _ :
2C.Ty at z= h (A7)
This may be directly integrated once in r to yield
Tp~ Tou, B 1 dlnr
—_—— —_— = + —
7o In i, In(w/7,) > r 3

2
L

4 C,Tp

where , is the ambient value of w at z = 4 and r3 is

an integration constant chosen in such a way that 6,

equals its ambient value 6., and both Inw/x, and its

radial gradient vanish at r = ry. Hence 7, may be in-

terpreted as the radial extent of the storm near sea level.

The value of T, is an average outflow temperature

- weighted with the saturated moist entropy of the out-
flow angular momentum surfaces:

- rd at z=h, (18)

1 Inde

—_— 19
1002 /0, ot )

Tout = TO\ltd 1“0: ’
where it should be remembered that 8* along angular
momentum surfaces is taken to equal 6, where these
surfaces intersect the boundary layer.

The integration constant 7, may be taken to represent
the outermost closed isobar of an axisymmetric storm.

Its value can only be determined through a time-de-
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pendent model; in the present steady model it must be
arbitrarily specified. (In section 2¢c, however, we show
that closing the system with a boundary layer model
leads to a specific relationship between rp and the radius
of maximum winds.) It is possible to show that r3 is

. directly proportional to the areal average moist entropy

of the boundary layer. To do this, we first rewrite (18)

Ll E|= —pp28 " fout, e
P [r n poy 2r T In ..

2
1S
2C,Ts

Integrating the above outward from r = 0 results in

[rdr — ).

T 2 ("Tg—~ Tom, 6.
In —=—-2= In =2
n - 7 A eeardr
TEAURELY
+ - 2 __ 2
aCTa\"° " 2"

But since by definition = = 1ra at r = ry; the above
implies that

2 2 16CT,, fTB Tow | Be

ea

rdr.

r (20)
Thus the geomemc area covered by the storm is related
to its areal-average boundary layer moist entropy sur-
feit.

An alternative derivation of (18) in terms of total
storm energetics is provided in section 3. We note here
that since (18) implies that V goes to zero at r = rp,
negative relative vorticity exists in the outer regions of
the cyclone and this will generally be accompanied by
Ekman flow into the boundary layer. Under these con-
ditions one would expect the assumption that slantwise’
convection maintains a neutral lapse rate breaks down
in this region, as noted previously.

At this point we note that the relationships derived
thus far are approximately valid in the eye to the extent
that the eye is in solid body rotation at all levels. This
is because surfaces of constant s* and M are approxi-
mately parallel under the circumstance that the eye is
in solid body rotation at each level and is bounded on
the outside by an M surface that coincides with an s*
surface. This is shown in'Appendix II. It will not nec-
essarily be true, however, that s* above the boundary
layer coincides with s in the boundary layer within
the eye.

b. Central pressure

In order to complete the model, a second relationship
between pressure and 6, in the boundary layer must
be obtained from a model of the boundary layer. This
will be attempted in section 2c. However, the relation-
ship between pressure and 6, expressed by (18) consti-
tutes a powerful constraint on the structure of the
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steady axisymmetric tropical cyclone. Note that at the
storm’s center, (18) implies that

Te TB—Toutlno_ec+_1_f2r(2)
0d 4 C,Tp’

where the subscript ¢ denotes the value at the storm
center. This shows that the pressure deficit may be ex-
pected to be weaker in geometrically larger storms, al-
though substitution of numerical values shows that the
effect only becomes noticeable when 7, = 500 km. Also
notice that the natural length scale that appears in (21)

L~ bCpTB/ﬂ

differs somewhat from the classical definition of the
deformation radius, although it may be expressed as
the potential temperature scale height C,75/g multi-
plied by the buoyancy frequency of an isothermal at-
mosphere with temperature T and divided by f. Its
typical magnitude in the tropics is about 10 000 km.

Since w./m, and 0,./8,, differ only slightly from unity,
(21) implies a nearly linear relationship between pres-
sure deficit and 8* surfeit in the storm center. Expand-
ing the natural logarithms in (21) and using the defi-
nition of = (15),

1)

pom G, To = Ton 2
c ™~ R a TB 0ea’

where the primes denote departures from the base state
values and p, is the ambient pressure at z = 4. Assuming
that p./p, is approximately equal to p../p,, where p,
. is the ambient surface pressure, and using 0,, = 345
K, po = 1015 mb, T = 295 K and T, = 200 K, the
above is
Des~ 3.30% at z=0, 22)
where p.;and 8/, are expressed in millibars and degrees
Kelvin, respectively. This relationship may be com-
pared to a similar one derived empirically by Riehl
(1963) and from the hydrostatic equation by Malkus
and Riehl (1960):
p' = —2.60,.

This second relation pertains to the surface pressure
and 4, at the base of the eye wall, whereas (22) relates
the central pressure to 6% at the storm center. The hy-
drostatic derivation by Malkus and Riehl differs from
the derivation of (22) in that the former must assume
a level of vanishing pressure perturbation while in the
present case we need only evaluate the outflow tem-
perature at large radii; the vertical distribution of pres-
sure is then determined by the constraints of gradient
and hydrostatic balance and slantwise neutrality. Yet
it should be remembered that, in the eye, 6* above the
boundary layer may differ from both 6* and 6, within
the boundary layer so that the former should be used
in evaluating (22).

We can now show that (21) implies that an inward
increase in surface relative humidity is necessary in a
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tropical cyclone, at least in the absence of strong sub-
sidence in the eye, in which case §% above the boundary
layer may exceed 6, within the boundary layer. Assum-
ing that 4, is vertically uniform from the top of the
mixed layer to the top of the surface layer and using
the definition of §,, :

Lq

lnaelz=h = lnees = lnTS - lnﬂ.s + (_('j_p_y_,)ss

where the subscript s denotes the value at the top of
the surface layer, L is the heat of vaporization and ¢
is the mixing ratio. Provided T is constant we can
write :

€

l —_—
" bea

Oes
=ln-== —Inn, + (q — 9a)s,

z=h ea

L
C,T;
where g, is the ambient mixing ratio at the top of the

surface layer. Rewriting the above in terms of relative
humidity, .

6,
l -
" e

L
= —ln1rs + (q*RH - q:RHa)s, (23)
z=h PTS ) .

where RH denotes relative humidity and the asterisk

refers to the saturated values. The saturation specific
humidity at constant temperature may be expressed

C,

g* =t = grr Ok < q:[ -2 lnvrs] .4
p R

The last relation is obtained since Inw, is small. Sub-

stituting (24) in (23) results in a relationship between
b, pressure and relative humidity at the top of the

“surface layer:

quRHs] Lg}
1+ +
[ RT, C,T,

e
In — =~ —Inn,

2 (RH — RH,),.

(25)

Finally, we note that since the absolute temperature of
the boundary layer is nearly constant with radius, the
hydrostatic equation may be used to demonstrate that

(=)
Tq

Using the above and (25) together with (21) results in

a relationship between central surface pressure and the

increase in surface relative humidity between the core
and the ambient environment:

= Inxy.
z=h

Inm,

(T —Tou Z‘ 2}
_(_‘171__!) _11‘_1__ (RH, — RH,), + 1 _f_ﬂ’_
B

C,T, 4C,Ts
Ts - T)( quRHcs) '
1- +
( Ty 1 RT;

(26)






