Chapter V: Review and Application of Vectors

In the previoudy chapters, we established the basic framework of mechanics, now we
move to much more redligtic problems in multiple dimensons. Thiswill dlow usto
examine rotationad motion, plane motion, and much more redidtic forces. First, we will
need to review the basics of vector calculus.

5.1. Vector Algegra

(read p72-90 in Symon)

A vector isadirected line ssgment that has both magnitude and direction - Bothare
necessary to specify avector. We indicate avector as A. Sometimes A is used instead.

Basic Properties and Definitions:

1). If 2 vectors have the same length and direction, they are said to be equal:

A=Bor B=A (5.1)

2). We can use vectors independent of their coordinate system, e.g.,

z°N" V (5.2)

refers to the same vector no matter what coordinate system (e.g., Cartesian or polar
coordinate) you use.

Vector Componentsin a Given Coordinate:
But at some point, we will want to look at specific results, and this requires that we

specify a coordinate system and the components of a vector. These are basicaly
projections of avector along the coordinate axes. Consider a2-D example:

y
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Thus, we seethat A and A, arethe projectionsif A aong the x and y coordinate axes,
respectively.

Unit or Base Vectorsand M agnitude/L ength of Vector:

Towrite A interms of these two vectors, we need to define the unit vectors. Unit
vectors are also called base vectors.

Before going further, we need to first define the magnitude of avector, | A|. Thisis
bascdly thelength of vector. A base vector or unit vector is thus

>

=A.

>

It pointsin the direction of A with amplitude = unity.

A~

By convention, the unit vector in a3-D Cartesian framework are 1, |, k inthex, y and X
directions, respectively. With this concept, we can now write

A=AJ +A ] +Ak (5.3)
(note that a vector can only be equa to a vector, not scalar).

Ay, Ay and A, are called the components of the vector A.. Often you will see thiswritten
more compactly as (Ax, Ay, A;). Notethat, if A= B, then A = By, Ay =By, and A, =B,.

3) We define the magnitude of a vector as

|AP \/Af+A§+A§- (54
Thisisdso cdled the modulus.

The ability to manipulate vectorsis critical for meteorology. On p73-76 of Symon book
(see handout), the basic agebra of vectorsis discussed — read this very carefully! Make
sure you can add + subtract vectors.  We will spend timein class going over the more
complicated aspects of vector manipulations.

4). Scalar, Dot or Inner Product

If A and B are 2 arbitrary vectors (could be in any coordinate), then the inner product is
defined as
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AxB = | A||B|cos(q) (5.5)
where g isthe angle between A and B:

A

Notethat AxB = ascdar. Physicaly, one can view the dot product as the projection of
one vector onto another.

q
|B| cos(a) A

Thedot product A and B = themagnitudeof A timesthe projection of B onto A.

When isthisuseful? Condder a2-D wind andyss. Suppose we have aDoppler radar in
the region — giving very high-resolution wind measurements, but only of wind
component paralé to the radar beam.
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radial wind

Aninitid andyssof wind (V) isfirst performed using coarse resolution convection
observations, without radar data. To make use of the radar data, we first project V, to the

radid direction and compare this component with radid velocity \7R (the only velocity
component that the Doppler radar can see), if they are equd, then the initial andysisis
considered perfect. If they don't, certain adjustment is made to V, o that the projection

matches V,,.

If you plan to do any sort of work with radars, you need to have a solid understanding of
vectors and of spherica geometry! Of course, even you don't work with radar, you still
need to know vectors very well to study meteorology.

Notethat, if AXB=0,then A~ B. A specid case of thisisthat one or both of the
vectors igare zero.

Also, AxA=| A= J AxA . Verify that this fits our earlier definition of the magnitude of a
vector.

Interms of components,
AB=AB +AB, +AB,. (5.6)

Note also that
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5) Vector or "cross' or outer product

The outer product between 2 arbitrary vectors A and B isdefined as
A" B= ABsin(q)li=C = avector (5.7)

where (i isthe unit vector indicating the direction of A" B. In contrast to the inner
product, which yields ascdar, the cross or outer product yields a vector!

It too has a Smple geometric definition:

Thedirectionof A" B isgiven by theright hend rule —itis ~ to the plane containing
AandB.Notedsothat | A" B|=areaof the pardldogram containing A andB.

If A=B or A||B,then A" B=0. Thisisauseful way to seeif 2 vectors are parald.

See p79-80 of Symon (handout) for useful identities with the cross product. The most
common is
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Physical Examples of Dot and Cross Products

The most common example of the dot product isin the definition of work:

[ —

We & F
(in 1-D, thiswas () Fdx)

F=Fi +Fj+Fk
dl’ = dxi + dyj + dzk

This saysthat the work isthe integrd of the projection of the force in the direction of the
displacement. Force gpplied in the direction without motion does not lead to work! Only
the force applied in the direction of motion doeswork.

Think of dragging a heavy box dong the floor with arope. Which isthe most effective
drategy that maximizes work?

F »dl notamax

7

Examples of the cross product aso abound, and the most common istorque t:

ter F
where 1 isthe vector from the axis of rotation to the point a which the force is gpplied.

F (totaly effective)
E (partialy effective)

»F (only pull —no
contrib. to torque)
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Notethedirectionof r~ F -- itisupward aong the axis of the cylinder if we are looking
down from above.

How do we find the cross product? The easiest way is viathe determinant rule. If we are
in a Cartesan coordinate system with

A=Aj+A]j+Ak andB=B,i +B,j +B.k, wecan write

]k
A B=|A A Al (5.8)
B B B,

All we are doing is expand about the top row

A A A A

B, B, B, B,

A A
B, B,

A B=i - +K

=i(AB,- AB,)- [(AB,- AB)+k(AB,- AB). (5.9)

Another useful thing to remember isthe scalar triple product

A A A
AxB C)=|B, B, B, (5.10)
Cc, C, C,

And you proceed to expand as before.

5.2. Differentiation and Integration of Vectors

Differentiation of Vectors

It's clear that we will need to differentiate and integrate vectors aswel —thisisvery
important in fluid mechanics (e.g, the acceleration vector = tota time derivative of the
velocity vector). Let'sfocusfirg on differentiation
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Let'sassumethat A= A(t) only. Then, recdl our definition of aderivative:

%: lim At +Dt)+At) —lim DA(t +Dt)
dt D®0 Dt Dt® 0 Dt
DA

At + Dt
0

Verify that A(t) +DA(t) = A(t + Dt) yoursdfl Notethat dA/dt isasoavector! The

new twist hereisthat A can have a derivative or change dueto 2 things : achangein
direction or change due to magnitude. Let's look more closdly:

CASE I:
»  Ait)+DA
— > — 4
A DA
direction remains the same, only the magnitude has been dtered
CASE II:

only the direction has changed — the magnitude stayed the same.

Additiona change in avector can be due the change/motion of the coordinate itsdlf. In
that case, the unit/base vectors are not longer constant, leading to additional terms. The
totdl time derivativeisthen
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dA d o o m
——=—TIA +]JA +
o dt[ A +jA +KA]
- ~dA, -
=i dA( +j +deZ
dt dt dt

} change of mag part (5.12)

a  d . dk .
+A —+A —+A — change of dir part
A dt dt A dt } J P

Thisis extremely important in meteorology because our coordinate system (i ,] ,IZ) is
rotating with time. Consider looking down on the earth from above:

i (localeast)

i (localeast)

o
North Pole

The definition of "east" depends on where you are a and the fact that the earth is rotating.
Here, i isnot condtant in terms of its direction, and thus it's easy to see that the earthisa

non-inertid (accelerating) reference frame. It is through % etc that the Coriolisforce

arises, and we will look at this before too long.

At this point, we can bring in the notation of apogtion vector to show how we get to
velocity and acceleration

The position vector dlows us to locate a point in space once we define our coordinate
system. Let'slet r = pogtion vector (usudly from the origin) to apoint P

AZ

pd >x
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Here, r =ix + jy +kz . One can define r wir/t any coordinate system — you just have to
oecify it.

If aparticle moves from point P to another point Q in someinterva Dt, then we can
computeits velocity as

\7:d_r: |mE: im—r(t-l-Dt)- r(t)
dt Dt® 0 Dt Dt® 0 Dt
where r (t) = postion vector at location P

I (t+Dt) = position vector at location Q.

In meteorology, the convention is that

\7:—:i—+jA—+I2$:uiA+ Vi + wk (5.12)
t dt dt dt

u° % = east-west velocity (+east)

A % = north-south velocity (+north)

w O % = vertical velocity (+up)

Notethat V is everywhere tangent to the trgjectory of the partide:

=
o

W
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Smilarly, the accderation is given by

~ . )
d_V:d_Z:f%+]$+kd_W. (5.13)
dt dt dt dt dt

Absolute and Relative M otion

Suppose we are in a coordinate system that is moving. Arethe r,V ,and a the same?

Congder the following example:

| Car speed - 80mph

O O X

Speed of rall car =80 mph
Speed of basebal = 90 mph relative to observer on the car
Speed of baseball relative to person on the ground? 80+90!

Motion is aways measured with respect to some reference point, e.g., the ground, ‘fixed'
dars, etc. in the above example, the "catcher” on the train and the catcher on the ground
obvioudy fell adifferent impact! Physcdly we see tha

Vpai(rel to ground) = Vi (rel to train) + Vg (train)

If we take the gound as being the "absolute" or reference point, then
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Let (x,y) bethe "fixed" or absolute coordinate system
Let (X', y') be the moving coordinate system

Is thisimportant in meteorology? Absolutely! The flow rddive to the sormisthe only
thing that matters for sorm development — usudly the S-R flow in the lower 3km. Itis
the sorm-relative low-leve flow that feeds the updraft with low-level moisture!

Other examples— arplane flowing in an ar stream

Ba

v v Vv VY

A

If an arplane wants to fly from A to B, which way will it have to head in order to make
it?

V as = ground reltive velocity

V coord = Wind speed (because the airplane isin the moving air)

Vg = planeflying through the ar (moving coordinate) needs to know how it should fly
relative to the wind.

Vabs = Vcoord

+V, isthe ground relative speed
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Uniform Circular Motion

One ample example that is useful for illustrating vector motion is uniform circular

motion (UCM). Clearly rotation is important in the atmosphere, so thisisagood place to

Sart!

Congder aparticle moving in acircle in the x-y plane— like atornado or a hurricane
(looking down from above):

t sinfoot)

n
]
(]
1
B=mt 1
T Cos{mt)

X

If w isthe angular rotation rate in radiang/s, then g = wt is the angle moved through in
timet.

From the diagram, we see that
F =i rcog(wt) + jr sinfwt)
thus, | 7' |= [r® cos?(wt) +r? sin? (wt)]"? =r = consant
Clearly the trgectory isacircle—thelength of r does not change with time, but the

postion or direction does - the particle is acceerating because it ismoving in acirce.
So if we compute d°F /dt?, it had better not be zero!

What is the velocity?

F =1 r cos(wt) + Jr sin(wt)
=rw[- i sin(wt) + j cos(wt)]

(note |V |= rw = constant)

5-13



If youtake V > , you will seeit equals zero and thus VV ~ F. It isfor this resson that \V/
is caled the tangentia velocity. Could there be another? Sure! How about the radial
veocity (think of the Doppler radar observations)? That particular component involves a
change of the length of r with time. In our example, r = constant (for circular motion) but

this needs not be the case dways. If r = r(t), then zt—r has another component:

~edr U, -~édr . u
=i g—coswt),+ j a=—sin(wt) .

St S )H &t ( )H
Thispartisdirected dong r , as can be seen by comparing thisexpression to r itsdf.
Note that, in this example, our coordinate system was fixed. Suppose now we look at the
motion from the particle's point of view, i.e., moving with the particle (just like us

gtanding on the earth surface), then things will be more complicated. We will ded with
thisin alater chapter.

Let's now look at the acce eration:

a =%\7 =rw?[- i cog(wt) - ] sin(wt)]
(5.14)
a=w(-T)

This acceleration is directed opposite to the position vector (inward toward the axis of
rotation) and is caled the centripeta acceleration It isared acceleration To redize this
acceleration, there has to be a force acting on this circulating object that points to the
center of the circle. Think of abal attached to a string — the string must have tenson to

full the ball towards the center. It balances the mass times acceleration (F =ma).
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If we put ourselves in the coordinate of the particle (image riding the roller-coaster), we
experience an apparent force, called the centrifugd force. It pulls outward but is not redl
—it only comes into play if we use arotating coordinate syslem. We will more on this
when we look at the Coriolisforce.

I ntegr ation of Vectors

The principd integrd of vectorsis cdled the lineintegrd. If we have some curve Cin
space and a vector function A defined at points aong the curve, then the lineintegra of
‘A dong Cisgivenby

OAxdr
where I isapostion vector. Geometricaly, we can imagine curve C divided into small

line segements (p.88-89 of Symon) where dr isin the direction of the segement - the
direction of integration makes adifferencel - VERY IMPORTANT!

dr

dr istangentid to C

So HAxdr = projection of A onto the various segment ds at points along the curve.
Recdl that

W= ¢y >dr

If s= distance measured along the curve, then
OAdr = HAcosgds

If the curve C is closed, then we write

odr
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See p89-90 of Symon for an example of work done by aforce on a particle moving aong
asemi-cdrcdle. Go through it on your own and make sure you under stand it!

Thereis a specid case that we need to consder. Often we can write a vector as the
gradient of apotentid function:

A=ff, Rofli Ll
x ﬂy Tz

wheref = potentid. Think of some example:

e

\% (potentid function)
f (gravitationd potentid)

-NvV (dectric potential)

el

m «Q T

Let'sevauate aline integrd in this case between 2 points, Py and Py:
(a Axd (; *Nf >dr
Now, recdl the chainrulein 3-D

df —de+ Edy+Edz
x

Ty 1z

with dr = idx + jdy +kdz and the definition of N given above, we see that

~

df =Nf >dr.

Thus, our integral becomes
ey = \fPZ
Q Nf >dr :QFi df =f, -fg
If we are dealing with a closed curve, the Py = P,

P, P,
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thus, @Nf xdr =0.

Therefore for any force that can be expressed as a gradient of a scaar function, the total
work done alone aclosed path is zero! Thefirgt part of the sentence actudly definesa
conservative forcel.

Practical Examplesin M eteor ology

Next spring, you will learn about a quantity known as the circulation:

C= ¢y xdr (5.15)

where V = velocity vector. The circulation is ameasure of the rotation about agiven
curve. We use this in storm dynamics to understand how tornado acquires their rotation.
Thefollowing example.

5-17



T/ﬂ/me 75 min

P
0

80 min

-

85 min

e
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22 X

¢
L

The above figure shows a perspective plot of the 3D evolution of a materid curvein the
3-D tornadic ssorm smulation by Rotunno and Klemp (1985), who caculated the
circulaion aong the curve.

Rotunno, R., and J. B. Klemp, 1985: On the rotation and propagation of smulated
supercdl thunderstorms. J. Atmos. ci., 42, 271-292.
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5.3. Gradient, Divergence and Curl (Read p98-102 of Symon)
Gradient

Suppose we have a scalar function A that is A(X,y,2). We define the gradient vector as

AT, A

d(A) =NA° | — 5.16
grad(A) = w1y T (5.16)

Note that M isavector! Also, one can write NA in other coordinate system, e.g., the
spherical coordinate. Aswe saw earlier, dA=NA>xdr. N="dd".

Think of the gradient of a 1D curve [ y=f(x) ]
Divergence
We can use the gradient in a specid way — to form the divergence of E where A isnow

avector, A=A +]A +kA:

Div(A) = 1:1'1“ ﬂ% ﬂ'l% (5.17)

Note that to be "divergence”’, A need not be the velocity. Later we will look at integrals
involving the divergence. For now, let'slook &t it in terms of the wind field:

Ry =4 IV, AIw = ascaar quantity

ix Ty 1z
It isthe velocity divergence in Cartesian coordinates.

Consider on one dimenson:

Divergence:

> > > >

oA

R >0 iscaled divergence [ for 1-D, 1111—“ >0]
X

From the figure, there is divergence at point A — one way to tell isto put a deformable
box at the point, to see how the box deforms — if it is stretched, there is divergencel
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Convergence:

OA

N %/ <0 iscaled convergence| for 1-D, 1111—u >0].
X

Now, thereis convergence a point A. A box placed there will shrink!

If N/ =0, afluid is said to be INCOMPRESSIBLE because based on the mass
continuity equation, the dengity of the fluid will not change in this case.

N/ =0 isaso caled non-divergent. We can consider the atmosphere to be
incompressible if we look at shallow depth— on the order of 10 km.

We can use the N/ =0 condition to compute the vertical velocity field given the
horizonta wind fied. Thisis called the kinetic method for computing w (vertica
velocity).

Let'srewrite N¥/ =0 as

w_ A

9z
wherew isverticd velocity and "h" denotes horizontd.

If weintegratein the vertica direction, we obtain

22 ThN RINIRY;

N, ¥/, dz= —+—d
Q@7 QN MET0 g Ty
W(z) —wW(z1) = RHS.

For flat ground, w at z=0 is zero, o if we now the horizontal wind, we can compute the
vertical wind w at any height! If i, % = constant , then w(2) = z(- N, %, ).
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So, w for an incompressible fluid isthe integrd of the horizonta divergence a dl levels
below.

In thunderstorms and fronts, the low-level convergence is associated with upward
mation:

w
TT div
—’ <—
4’ <7
ﬂ—u<09 convergence ﬂ—W:-E,W:WmaXWhG’]ﬂ—u:
X 1z fx X

Convergence blow = upward motion above. Y ou know this as Ding's compensation in
1004, but now you see it from a mathematical view point. Note that w=0 at z=0 (ground
isflat) is caled kinematic boundary condition—i.e., the flow cannot penetrate the
ground. Keep in mind that w at any level = INTEGRAL of divergence from blow.

Let'snow look at theintegral of N'%/ over avaume W bounded by a surface S. The so-
caled "Gauss ' Divergence Theor em' saysthat

QN Vdwe @y xnds (5.18)
w S
where i isthe unit vector on the surface pointing outward from the volume.

e
n

Fig. 3.24 A volume V bounded by a surface S.
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Let'slook at the specia case where this volumeis a cubic box with length L on each sde.
The area of each sideiis therefore S=L.2 and volume of the box is V=L

The RHS of (5.18) isthe integra of the normal component of V' (projection of V' onto
i) over thearea S,

N

AN -

S/L/

=}

K v
|

For the box face on the right, V > = u,,y,, for the left face, V i = - u, becausethe
outward pointing i points in the negetive x direction. Smilarly for y and z directions
Therefore,

Zz YZ 2% Y2 X

@l mdS rlght - uleft ﬁydz-'- (\I‘)(Vback - Vfront)dXdZ + édvvtop - Wbottom) dXdy (519)
4 Y1 4 X Y1 %

Clearly, the above represent the net flux through the box surface.

OntheLHS, N®/ = —+ —+—

06U v, Twa
ij\l XdW= OO(W + v + —Lplxdydz
zy % € y 120

2 Y2 X 2 Y2 X Z3 Y2 X2
- AU xdydz+ AOC v xdydz+ OC xdydz
) Ty

anX* anx 71)’)&

Let'slook at the first term on the RHS;
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2 Y2 X ﬂu 2 Y2 % ﬂ 2, Y @Hrignt u

(‘)c‘)c‘)ﬂ—dxdydz =0C (‘)ﬂ—dxdydz OCE O duldydz
4% 2N % 4N @U\en H

LY,

= c\x‘xuright - U, ) dydz

a %

5 Y, % Y,
= OOHrign Y0z~ OQOHe dydz
an an

= fluxthrough right boundary - flux through left boundary

(5.21)

The same thing can done for the 2nd and 3rd term on the RHS of (5.20). Therefore, we

have proven the Gauss theorem, Nl Vdwe ¢g)/ xids, for the cubic volume.
W S

When the normd velocity is constant on each face, we have

(\D\D\ﬂ >\7dW: ®7xﬁds: (uright - uleft)S+ (Vfront " Vbak )S + (Wop - Wbottom)s
w s

Therefore, the total amount of divergence in the volumeis equd to the integra of what
passes through the surface of the volume,

Curl :

Thefind vector operator that we will consider is the curl — defined for avector A as

]k
R A= 10T (= avector)
™x Ty 1z
A A A
_ AaﬂAz A6 AaéTAz A6, aém» A0 (5.22)

'S 2y S g m £

If A=V , the vector velocity, then we have what is called the vorticity vector
w =curl (V).

In the atmosphere, dl 3 components are important, but the vertica component is most
criticd:
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E{N'V)zzz%-% (5.23)

Vorticity describes the microscopic rotation of aparticle. You will seein Dynamics| that
z =C/A inthefluid as A->0.
Let'slook at asmple example:

u=-ay,v=ax

i
N

—>

——»

| mportant note: Thedirectionof N* A isnot determined by the RH rule—it has 3
components. N is not avector, but a vector operator.

Let'slook at the specid example of solid body rotation - we will not spend much time on
thisin physical mechanics, but it can be relevant to the amosphere (e.g., tornado core).

Solid disk

<

What is the circulation for the circle of radius r?
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V =W’ r = tangential velocity

(remember that V = w r, wherew = dg/dt )

Therefore
C= sz |W|| T |sin(90")r dq = 20 Wr?

The areaof the disk = p r?, so the vorticity is C/A = 2W - vorticity for an object in solid
body rotation istwice its angular rotation rate. This we can see from the previous drawing
and the definition of vorticity z = — - —.

ix

Thefina aspect of N” V to examine is known as Stokes Theorem:

(5.24)

Fig. 3.25 A surface S bounded by a curve C.

5-25



It says for agiven surface enclosed by acurve C, the surface integra of the vorticity,

N’ V, inthedirection of the outward normal vector, fi, equalsthelineintegra of
veocity dong curve C.

We sad earlier that you will seein Dynamics| thet the vorticity z = C/A inthefluid as
A->0, where C isthe circulation surrounding an area A. We accept this as true, then we
can undergtand the Stokes Theorem in the following way.

Congder thefollowing 2-D area S, divided into many smdl 'cdls that contain
circulations. When the cdlls are smdl enough, then the vorticity associated with each cell

zi=GC; /Ai or ziAi =G (5.25)

where A; isthe area of the individua cell. Adding both sides of the equetion for al cells,
we have

avA=ac, (5.26)

We seethat in the limit that A; gpproaches zero, the LHS of (5.26) is essentidly the area
integrd of vorticity z. The RHS is the summation of the circulation in al the cdlls. Notice
that the circulation a the interior boundaries of neighboring cells are of opposite
directions therefore the internd circulations cancel each other — only the circulation at the
outmost boundaries are |eft over, which essentidly gives the circulation aong the curve
encloang the entireareal More vigorous proof of the Stokes Theorem for agenerd 3-d
surface can be found in advanced ca culus books, we will not go into detail here.
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